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The problem of bending of a haIf-strip rigidly fastened along the abort edge is examined. 
An integral equation is constructed for the normal stress at the clomping and the character 
of singularities of its solutions at the comers is investigetad. By the method of collocation 
the given tqnation is reduced to a system of linear algebraic equations. 

Numerical calcttlations were carriedout for the case 

Y,=Yh ;P 
of bending of the half-strip by a moment applied at infinity. 
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4 

1. Let us examine the problem of bending of n half- 

X, =.Elli - Zb 
strip under the followfng boundary conditions (Fig. I): 

Here u, u are displacements along axea rt, yt, res- 
Fig. 1 pectively, and rxt it out 

4 
are the tangential aud normal 

stresses. For den ation of the integrrd equation for the 
normal stress cx ft) at the clamping we will make use of the method developed in paper [I]. 
Then we obtain 
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+ Pkcm + v [12k + 3) (2m + 3) &+Yn f %+ml I 

K(Y)== y-j (+)““‘“(+ +6,+vsm), r (n + 1) = nr (n) 
m==o 

1 
V’1_.1IL’ cp (hy) = shhy - hy, Cp (Xy) = chky - 1, A_ = sh21- 2l. 

00 00 

i(h) = s g(x) sin&x dx, ;(I) = s r (x) CDS hx dx 

0 0 

Here P,, #L st a,, by and s are coefficients which are computed once and for 
all, ye is an arbitrary constant, p is Poisson’s ratio. 

Eq. (1.3) is tits integral equation of Frsdholm of the first kind. The kernel of this 
equation has a moving singlarfty on the diagonal y = r and fixed singularfties at points 
y = f 1. The fixed singularity in the kernel complicates the examination of the equation 
and its numerical solution. 

2. Let us devote our attention to the investigation of the singularity of the solution 
of the problem uader examination. We differentiate equation (1.3) with respect to the 
variable y, then carry out the substitution 1 - t = a and 1 - y = Y and take into account 
that D f - t) = - o f:). 

As a result WC obtain 
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s Q(U)[K@, 1’)+-K(u, 2--7)+lirl(ll, 2’)ldu=f(u) (O<v<2) (2.1) 
0 

r!(u)=~tl--II), K(u, Ii) =&+& ;;“+-L,;) - 
vz+2v+2 1 

v(v+2) (u-t.u) 

Here KI (u, u) and f (v) are continuous functions and continuously differentiable sny 
number of times with respect to II and w in the region of their change. Apparently, the 
singularity of solution near the 

!i 
oint w = 

Let us make use of results of [2 
0 will be determined only by the kernel K (u, u). 

in which it was showu that the aolntion of the integral 

Eq. 
co 

f 
cfl(U) A-(% vfrlu = fl(C) (Odu<mf cw 

0 

near the boundary u = 0 can be represented in the form 

‘30 

q1 (1.) = r, hl@!p~~-l (2.3) 

if fi (u) is a continnone function with all its derivatives in the vicinity u = 0. Here pk are 
roots of the character% tic Eq. 

2X cos “p - 4p2 + 1 + x2 = 0, x = 3-4~ (2.4) 
The real part of pk is positive. Eq. (2.4) for any 0 <p < 0.5 has one reel positive root 

pa C 1. The remaining roots are complex and as is shown by specific computations [3] 

Repk > 1.3, k),l 

Since the singularity of the solution of Eq. (2.2) near the boundary v = 0 is determined 
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only by the behavior of the kernel K (u, u) near thie point, the solution of Eq. (2.1) in this 
vidnity ie represented by Eq. (2.3). 

On the bads of condition D ( - y) = - u (y) we can draw an analogous conclusion 
about the behavior of the solution near the point 1 + y = 0. 

3. Waving examined singularities of the solution of the integral Eq. (1.3) at the mds 
of section [- I.11 , we select an a numerical method the analog of the method of Multhopp- 
Kalandi [I]. In accordance with expansion (2.3) the approufmate solution of the problem 
may be sought in the form 

[ 
(1 -i- oz-ps _ (1 - tp 

(n=N) 
G(t) = D 

(l-f)'-*' (1 i- t) 
1-P 

I 
+ vi- 2 %Uzn+l(t) (3.1) 

n=o 

where U;.‘b+t (t) are Chebyshev functions of the second hind. 
We differentiate the left part of Eq. (1.3) with respect to variable y, after that we 

enbetituts (3.1) into the obtefned equation, then from the condition of equality to zero of the 
last reletionohip in the eelected nodes of collocation yk we edve et a eyetem of linear 

algebraic equations with respect to unhnownm D and En. 

Tabla 1 

i - - pn 
0.2624406 (-1) 
0.4906414 (-2) 
0.1087025 (-2) 
0.2570645 (-3) 
0.625843 (-4) 
u.154462 (-4) 
0.363739 (-5 
0.95640 (-6 t 
;.;;;;3 ‘,-;; 

0:149 (17) 
0.3725 
0.9312 
0.2328 

/I;/ 

0.5820 j--20) 
0.1455 C---10) 

T -_ -4% I % 
0.1008765 
0.2294624 (-1) 
0.605872 (-2) 
0.167498 (-2 
0.466406 (-3 f 
0.130806 (-3) 
0.363067 (-4) 
0.10002 (-4) 
;. ;;;;fJ ;--;I 

0:201 (-6) 
0.538 
0.1440 [I;; 
0.3834 
0.1017 ;I;] 
0.2688 (-9) 

0.1272675 
0.4891501 (-1) 
0 .I797972 (-A) 
0.6316076 (-2) 
0.2131532 (-2) 
0.6952711 (-3) 
0.220422 (-3) 
0.66244 (-4) 

Adopted abbreviation of notation, 0.2614406 (- 1) indicates - 0.02614406 

-% 

1.0387106 
0.1568644 
0.3925131 (-1) 
0.1087015 (-1) 
0.3084774 (-2) 
0.876180 (-3) 
0.247139 (-3) 
0.69073 (-4) 

0.2794 &7j 

-Table2 

-%t 

3.3196631 
0.6052593 
0.1835699 
0.605872 (-1) 
0.2009976 (A) 
0.6557687 (-2) 
0.2092894 (-2) 
0.653520 (-3) 
0.2m5 (-3) 
0.60189 C-4) 

x* :z3 i-4j 

0:1508 
(-5) 
(-5) 

0 4321 
OS/9270 :I:! . _ 
0.34575 &7j 
0.96769 (-8) 

--1.8125050 
-0.2071643 (-1) 
0.1165609 
0.8196568 (-1) 
0.4186040 (--1) 
0.1845111 (-1) 
0.7417253 (-2) 
0.279335 (-2) 
0.~~~5 (-2) 

0.1152 
0.34527 [-$ 

0.375 
0.1198 

(14) 

0.3751 g;; 
0.11559 (-5) 
0.35131 (-6) 
0.20550 (-6) 



Apparently the foand selation a (r) will be a solution of the initial Eq. (1.3). A* nodsa 
of collocation, roots of Chebyshev polynomials of the first kind were selected. 

(2k - 1) 
‘y~=COS~n (k = 1, . . . , N) 

Hers N ia the nambet of points of division of aection [O, I]. 
In this manner the problem was solved for the case of banding of the half-strip by the 

moment M, applied at infinity in the abaenca of normal and shear etre=es on the m~rfacslr 
of the half-strip (g (A) = 0, F (h) = 0) with the additional condition 

1 

f 
6 (t).tdt = $ (3.2) 

-1 

From (3.2) the arbitrary constant ye is determined. Because of the apedally selected 
form of the approximation of solation (3.1) all integmls of the problem are taken in closed 
form. ACI a renalt of calculationa a system of linear algebraic eqnationa of the following 
form was obtained: 

Y 

0.22050 
0.2~90~ 
0.40849 
0.58168 
0.69671 
0.90045 
0.95534 

- 

- 

Table 3 Table 4 

N-6 N=6 
I 

N=5 N-6 

0.16638 0.16424 0.21977 

0: ~,~~~~~ 79729 
0.29969 0.36917 
0.56068 0.79617 K -0.77423 0.12855 (- 1) 

Ea 2) 
0.95797 E”S -0.49815 

(- 
(- 2) 

1.30593 -% 
1.53735 TO 0.31556 

Tl==N--2 

Wn+ x h&,+~o==o (m = I, . . . , N) (3.3) 

0.22060 
0.36577 
0.10304 (-1) 

-0.10260 (-1) 
-0.79340 (-2) 
-;.;;;p390 (-2) 

D$ 2 M 
+&0.25 = ~hz (3.4) 

Eq. (3.4) follows from condition (3.2). In Table 1 values are given for P,, Iff, and 46,. 
Values of coefficients a ,a, and E, are presented in Table 2. 

In the computation o’t coefficients preaeated above their reprsaentationa through 
Howlands integrals [4] were utilized. 

In Table 3 rem&a of calculationa are praaentsd for 0tremme4 at the 0’ = u (y) (S/M) 
depending on the nnmber of pointa of collocation (N = J, 6) for p - 0.31741 and 
p. = 0.70000. It is evident from this Table that the fifth approximation diffem from the 
sixth by no more than 1.5%. 

Table 4 contains values of coefficients D and E, for the fifth and sixth appmximatione. 
From an examination of Tables it follows that the preoented method has a high degree 

of convergence, in this connection the higheat degree of accuracy of solation is achieved 
near the cocker points. 

Values of stresses found Rem the equation for strength of materiaI# 0 fl) = M/h* i.5t, 
differ from pmctically exact values obtained in thfa paper by no more thaa 10% for ItI s 0.95. 

The author thanks 1.1. Vorovich for formulation of the problem aad gaidaace ia it@ 
solntion. 
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